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a b s t r a c t
A regular cover X of a connected graph X is called elementary
abelian or cyclic if its group of covering transformations is
elementary abelian or cyclic, respectively. Elementary abelian
regular covers of the Möbius–Kantor graph whose fiber preserving
groups are edge- but not vertex-transitive were considered by
Malnič et al. [A. Malnič, D. Marušič, S. Miklavič, P. Potočnik,
Semisymmetric elementary abelian covers of the Möbius–Kantor
graph, Discrete Math. 307 (2007) 2156–2175]. In this paper, cyclic
regular covers of theMöbius–Kantor graphwhose fiber-preserving
groups are edge-transitive are classified. As an application, cubic
edge-transitive graphs of order 16p for each prime p are classified.
Also, it is shown that with the exception of the Ljubljana graph on
112 vertices, all cubic edge-transitive graphs of order 16p are arc-
transitive.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper, we denote by Zn the cyclic group of order n as well as the ring of integers
modulo n, and by Z∗n the multiplicative group of Zn. For two groupsM and N , N ≤ M means that N is
a subgroup of M , N < M means that N is a proper subgroup of M , and N o M denotes a semidirect
product of N byM . For a subgroup H of a group G, denote by CG(H) the centralizer of H in G, by NG(H)
the normalizer of H in G, and by Z(G) the center of G.
Graphs considered in this paper are finite, connected, simple and undirected unless explicitly
stated otherwise. For a graph X , denote by V (X), E(X) and Aut(X) the vertex set, the edge set and
the automorphism group of X , respectively. For u, v ∈ V (X), denote by {u, v} or uv the edge incident
to u and v in X . An s-arc in a graph X is an ordered (s+ 1)-tuple (v0, v1, . . . , vs−1, vs) of vertices of X
such that vi−1 is adjacent to vi for 1 ≤ i ≤ s and vi−1 ≠ vi+1 for 1 ≤ i ≤ s− 1. A graph X is said to be
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s-arc-transitive if Aut(X) is transitive on the set of s-arcs in X . In particular, 0-arc-transitive means
vertex-transitive, and 1-arc-transitive means arc-transitive or symmetric. A subgroup of Aut(X) is
s-regular if the subgroup acts regularly on the set of s-arcs in X , and X is said to be s-regular if Aut(X) is
s-regular. A graph X is edge-transitive if Aut(X) acts transitively on E(X), and semisymmetric provided
that X has regular valency and is edge- but not vertex-transitive.
An epimorphism℘ :X → X of graphs is called a regular covering projection if there is a semiregular
subgroup CT(℘) of the automorphism group Aut(X) ofX whose orbits in V (X) coincidewith the vertex
fibers ℘−1(v), v ∈ V (X), and the arc and edge orbits of CT(℘) coincide with the arc fibers ℘−1(u, v),
u ∼ v, and the edge fibers ℘−1{u, v}, u ∼ v, respectively. In particular, we call the graphX a regular
cover of the graph X . The semiregular group CT(℘) is the group of covering transformations. If CT(℘) is
isomorphic to an abstract groupN thenwe callX a regularN-cover ofX . If CT(℘) is cyclic or elementary
abelian, thenX is called a cyclic or elementary abelian cover of X . Let ℘ :X → X be a regular covering
projection. An automorphism ofX is said to be fiber-preserving if it maps a vertex fiber to a vertex
fiber, and all such fiber-preserving automorphisms form a group called the fiber-preserving group.
Recently, many results pertaining to constructions and classifications for various classes of
symmetric and semisymmetric graphs have been obtained with the use of covering techniques. For
example, elementary abelian covers of complete graphs Kn were first dealt with in [10], and later
on a slightly more general context was considered in [9]. Feng and Kwak [13] classified, for each
1 ≤ s ≤ 5, s-regular cyclic covers of the bipartite graph K3,3 of order 6 in the case when the fiber-
preserving group contains an arc-transitive subgroup. For each 1 ≤ s ≤ 5, all s-regular cyclic or
elementary abelian covers of the 3-dimensional hypercubeQ3 of order 8 such that the fiber-preserving
group is arc-transitive were classified in [16,17]. In [33] it was shown that all cubic graphs admitting
a solvable edge-transitive group of automorphisms arise as regular covers of one of the following
basic graphs: the complete graph K4, the dipole Dip3 with two vertices and three parallel edges,
the complete bipartite graph K3,3, the Pappus graph of order 18, and the Gray graph of order 54
(the smallest semisymmetric cubic graph). Moreover, it was shown that each such graph can be
obtained from these basic graphs by a sequence of edge-transitive elementary abelian regular covers.
A more detailed study of edge- and/or vertex-transitive elementary abelian covers of ‘‘small’’ cubic
graphs Dip3, K4, Q3, and K3,3 can be found in [9,12,13,16,34]. Furthermore, Malnič and Potočnik [36]
classified elementary abelian covers of the Petersen graph when the fiber-preserving group is vertex-
transitive. The study of semisymmetric graphs was initiated by Folkman [19] who gave constructions
of several infinite families of such graphs, and posed a number of open problems which spurred the
interest in this topic (see for example [2,3,19,23–26,38,45]). In particular, Marušič [37] constructed
the first infinite family of cubic semisymmetric graphs, and as one of the applications of covering
techniques, Malnič et al. [35] classified cubic semisymmetric graphs of order 2p3. A beautiful recent
result on the automorphism groups of cubic semisymmetric graphs of twice odd order was given by
Parker [41]. Malnič et al. [34] classified cubic semisymmetric cyclic covers of the bipartite graph K3,3
in the case when the fiber-preserving group contains an edge- but not vertex-transitive subgroup.
Semisymmetric elementary abelian covers of the Heawood graph of order 14 were considered in
[6,33]. Using the method developed in [32,33], semisymmetric elementary abelian covers of the
Möbius–Kantor graph were considered by Malnič et al. [31], and the authors [18].
Classifications of cubic edge-transitive graphs with given orders have received considerable atten-
tion in the literature. By Cheng and Oxley [8], Du and Xu [11], together with Feng and Kwak [14,15]
and Oh [39], all cubic edge-transitive graphs of order 2p, 4p, 6p, 8p, 10p or 14p are known for each
prime p. LetX be a regular Zn-cover of the Möbius–Kantor graph with covering projection ℘. In this
paper we show that if an edge-transitive automorphism group of theMöbius–Kantor graph lifts along
℘, then n is odd andmoreover, some arc-transitive automorphism group of theMöbius–Kantor graph
also lifts; in addition,X is a regular Z2n-cover of the 3-dimensional hypercube Q3. Furthermore, all
regular Zn-covers of the Möbius–Kantor graph whose fiber-preserving groups act edge-transitively
are classified, and all cubic edge-transitive graphs of order 16p are classified for each prime p. It is
shown that apart from the Ljubljana graph of order 112, all cubic edge-transitive graphs of order 16p
are arc-transitive: the class of an infinite family of 1-regular graphs, three 2-regular graphs of orders
32, 48 and 112, and two 3-regular graphs of orders 80 and 112.
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2. Preliminaries
Let X be a graph and K a finite group. By a−1 we mean the reverse arc to an arc a. A voltage
assignment (or, K -voltage assignment) of X is a function φ : A(X) → K with the property that
φ(a−1) = φ(a)−1 for each arc a ∈ A(X). The values of φ are called voltages, and K is the voltage group.
The graph X ×φ K derived from a voltage assignment φ : A(X)→ K has vertex set V (X)×K and edge
set E(X) × K , so an edge (e, g) of V (X) × K joins a vertex (u, g) to (v, φ(a)g) for a = (u, v) ∈ A(X)
and g ∈ K , where e = uv.
Clearly, the derived graph X ×φ K is a cover of X with the first coordinate projection℘ : X ×φ K →
X , which is called the natural projection. By defining (u, g ′)g := (u, g ′g) for any g ∈ K and (u, g ′) ∈
V (X) × K , K can be identified with a subgroup of Aut(X ×φ K) acting semiregularly on V (X ×φ K).
Therefore, CT(℘) = K , and X ×φ K can be viewed as a K -cover. For each u ∈ V (X) and uv ∈ E(X),
the vertex set {(u, g) | g ∈ K} is the fiber of u and the edge set {(u, g)(v, φ(a)g) | g ∈ K} is the
fiber of uv, where a = (u, v). Conversely, each regular coverX of X with the covering transformation
group K can be described as a derived graph X ×φ K . Given a spanning tree T of the graph X , a voltage
assignment φ is said to be T -reduced if the voltages on arcs of the spanning tree are the identity. Gross
and Tucker [22] showed that every regular cover X of X can be derived from a T -reduced voltage
assignment φ with respect to an arbitrary fixed spanning tree T of X . It is clear that if φ is reduced, the
derived graph X ×φ K is connected if and only if the voltages on the cotree arcs generate the voltage
group K .
The problem of whether an automorphism α of X lifts or not can be grasped in terms of voltages
as follows. Observe that a voltage assignment on arcs extends to a voltage assignment on walks in a
natural way. Given α ∈ Aut(X), we define a function α from the set of voltages of fundamental closed
walks based at a fixed vertex v ∈ V (X) to the voltage group K by
(φ(C))α = φ(Cα),
where C ranges over all fundamental closed walks at v, and φ(C) and φ(Cα) are the voltages of C and
Cα , respectively. Note that if K is abelian, α does not depend on the choice of the base vertex, and the
fundamental closed walks at v can be substituted by the fundamental cycles generated by the cotree
arcs of X .
The next proposition is a special case of Theorem 4.2 in [30].
Proposition 2.1. Let X ×φ K be a connected regular K-cover of the graph X. Then, an automorphism α of
X lifts if and only if α extends to an automorphism of K .
Let X be a cubic graph and let G ≤ Aut(X) act transitively on the edges of X . Let N be a normal
subgroup of G. The quotient graph XN of X relative to N is defined as the graph with vertices the orbits
of N in V (X) and with two orbits adjacent if there is an edge in X between those two orbits. Below
we introduce two propositions, of which the first is a special case of [27, Theorem 9] and the second
a special case of [29, Lemma 3.2].
Proposition 2.2. Let G be transitive on V (X). Then G is an s-regular subgroup of Aut(X) for some integer
s. If N has more than two orbits in V (X), then N is semiregular on V (X), XN is a cubic symmetric graph
with G/N as an s-regular group of automorphisms, and X is a regular N-cover of XN .
Proposition 2.3. Let G be intransitive on V (X). Then X is a bipartite graph with two partition sets, say V0
and V1. If N is intransitive on the bipartition sets, then N is semiregular on both V0 and V1, XN is a cubic
graph with G/N as an edge- but not vertex-transitive group of automorphisms, and X is a regular N-cover
of XN .
To end this section, we introduce some results regarding cyclic covers of the 3-dimensional
hypercube Q3 (see Fig. 1). Set V (Q3) = {a, b, c, d, w, x, y, z}. Let n be a non-negative integer and take
k ∈ Z∗n with k−1 as its inverse in Z∗n . The graph CQ(k, n) = Q3×φ Zn is a regular Zn-cover of Q3 with
φ = 0 on the spanning tree T consisting of edges {ax, ay, az, bw, bz, cz, dy}, and φ assigns voltages
1, k,−k−1,−k−1− 1 and k to the cotree arcs (b, y), (c, w), (c, x), (d, w) and (d, x), respectively. Feng
and Wang [17] classified regular cyclic covers of Q3, whose fiber-preserving group is arc-transitive.
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Fig. 1. The 3-dimensional hypercube.
Proposition 2.4 ([17, Theorem 1.1]). Let X be a connected regular cyclic cover of the hypercube Q3 and
let the group of fiber-preserving automorphisms of X act arc-transitively. Then X is 1- or 2-regular.
Furthermore,
(1) X is 1-regular if and only if X is isomorphic to one of CQ(k, n) for 2 ≤ k ≤ n − 3 satisfying
n | (k2 + k+ 1), or to one of CQ(2k− 1, 2n) for 2 ≤ k ≤ n− 1 satisfying n | (4k2 − 2k+ 1);
(2) X is 2-regular if and only if X is isomorphic to CQ(1, n) for n = 1, 2, 3 or 6.
Lemma 2.5. Let p be a prime congruent to 1 mod 3. Let k be an integer such that 2 ≤ k ≤ p − 1 and
p | (4k2 − 2k+ 1). Then the graph CQ(2k− 1, 2p) is independent of the choice of k.
Proof. Since p−1 is divisible by 3,Z∗2p has exactly two elements of order 3, say λ1, λ2. Then λ2 = λ−11 .
Since 4k2 − 2k + 1 = (2k − 1)2 + (2k − 1) + 1 ≡ 0 (mod p), one has (2k − 1)3 − 1 =
(2k−2)[(2k−1)2+(2k−1)+1] ≡ 0 (mod 2p). Thus, 2k−1 = λ1 or λ2 because 2 ≤ k ≤ p−1 implies
3 ≤ 2k− 1 ≤ 2p− 3. To complete the proof, it suffices to prove that CQ(λ1, 2p) ∼= CQ(λ2, 2p). Let φi
be the voltage assignment corresponding to CQ(λi, 2p) for i = 1, 2. It is easy to see that α = (c d)(y z)
is an automorphism of Q3. Let η be the automorphism of Zn induced by the map 1 → −1. It is to
check for each fundamental cycle C that Cφ1η = Cαφ2 . From [32, Corollary 3.3(a)] it follows that
CQ(λ1, 2p) ∼= CQ(λ2, 2p). 
In the following two sections we will use the abbreviation CQ2p for the graph CQ(2k− 1, 2p).
3. Cyclic covers of GP(8, 3)
In this section we shall classify the cyclic covers of the Möbius–Kantor graph GP(8, 3) with edge-
transitive fiber-preserving automorphism groups. As depicted in Fig. 2, we identify the vertex set of
GP(8, 3)with V = {i, i′ | i ∈ Z8} and the edge set with the union of the outer edges {{i, i+1} | i ∈ Z8},
the inner edges {{i′, (i+ 3)′} | i ∈ Z8}, and the spokes {{i, i′} | i ∈ Z8}. Note that GP(8, 3) is a bipartite
graph with bipartition sets B1 = {1, 3, 5, 7, 0′, 2′, 4′, 6′} and B2 = {0, 2, 4, 6, 1′, 3′, 5′, 7′}.
In order to describe edge-transitive subgroups of Aut(GP(8, 3)) we need the following
automorphisms, represented as permutations on the vertex set V :
α = (1 3 5 7)(0 2 4 6)(1′ 3′ 5′ 7′)(0′ 2′ 4′ 6′),
β = (0 1′ 2)(0′ 6′ 3)(4 5′ 6)(7 4′ 2′),
γ = (1 1′)(2 6′)(3 3′)(4 0′)(5 5′)(6 2′)(7 7′)(0 4′),
δ = (1 1′)(2 4′)(3 7′)(4 2′)(5 5′)(6 0′)(7 3′)(0 6′).
With the help of computer software MAGMA [1], Malnič et al. [31] claimed that Aut(GP(8, 3))
has two 1-regular subgroups, and exactly one minimal and one maximal edge- but not vertex-
transitive subgroup. Furthermore, these four subgroups are the only edge-transitive proper subgroups
of Aut(GP(8, 3)). The following lemma provides a theoretical proof of this fact.
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Fig. 2. The Möbius–Kantor graph GP(8, 3).
Lemma 3.1. Aut(GP(8, 3)) has exactly two 1-regular subgroups, that is, ⟨α, β, γ ⟩ and ⟨α, β, δ⟩, and two
edge- but not vertex-transitive subgroups, that is, ⟨α, β⟩ and ⟨α, β, γ δ⟩. Furthermore, Aut(GP(8, 3)) =
⟨α, β, γ , δ⟩ and ⟨α, β⟩ ∼= Q8 oZ3 with Z(⟨α, β⟩) = ⟨α2⟩ and ⟨α, αβ⟩ ∼= Q8, where Q8 is the quaternion
group of order 8.
Proof. Let A = Aut(GP(8, 3)) and G = ⟨α, β⟩. Set
σ := β−1αβ = (0′ 5 4′ 1)(0 5′ 4 1′)(2 3′ 6 7′)(2′ 3 6′ 7).
By Frucht et al. [20], Lovrečič-Saražin [28], A is 2-regular and |A| = 96. A direct calculation shows
that α4 = 1, σ 2 = α2, σ−1ασ = α−1 and β−1σβ = (σ · α)−1. It follows that ⟨α, σ ⟩ ∼= Q8 and
G = ⟨α, σ ⟩ o ⟨β⟩ ∼= Q8 o Z3. Thus, Z(G) = ⟨α2⟩ and G has a unique involution α2. Furthermore,
G/⟨α2⟩ = ⟨α⟨α2⟩, β⟨α2⟩ | α2⟨α2⟩ = β3⟨α2⟩ = (βα)3⟨α2⟩ = ⟨α2⟩⟩ ∼= A4, the alternating group of
degree 4. Recall that B1 = {1, 3, 5, 7, 0′, 2′, 4′, 6′} and B2 = {0, 2, 4, 6, 1′, 3′, 5′, 7′} are the partite
sets of GP(8, 3). Then ⟨α, σ ⟩ is transitive on B1 and B2, and β fixes the vertex 1 and permutes the
neighbors of 1 cyclically, implying that G acts edge-transitively on X . Let A∗ be the subgroup of A
fixing B1 and B2 setwise. Then |A∗| = 48 and |A∗ : G| = 2.
Let T be an edge-transitive subgroup of A. Then T has at most two orbits on V (X). Suppose G ≰ T .
If T has two orbits on V (X) then T fixes B1 and B2 setwise, implying that T ≤ A∗. The edge-transitivity
of T implies |T | ≥ 24. Since G ≰ T , one has T ≠ A∗, forcing |T | = 24. Furthermore, A∗ = GT because
|A∗ : G| = 2. Thus, |G ∩ T | = 12. Similarly, if T is transitive on V (X) then |T | ≥ 48 and A = GT .
Again |G ∩ T | = 12. Note that G has a unique involution α2. Then α2 ∈ G ∩ T and (G ∩ T )/⟨α2⟩ is a
subgroup of order 6 in G/⟨α2⟩, which is impossible because A4 has no subgroups of order 6. It follows
that G ≤ T .
Thus, G is the intersection of all edge-transitive subgroups of A, implying G E A. Note that
|A : G| = 4 and δγ = (0 2)(3 7)(4 6)(0′ 2′)(3′ 7′)(4′ 6′) fixes the arc (1, 1′). Then δγ ∉ G, and
since δG and γG are distinct involutions in A/G, one has A/G = ⟨γG⟩ × ⟨δG⟩ ∼= Z2 × Z2. It follows
that A = ⟨G, γ , δ⟩ and T = G, ⟨G, γ δ⟩, ⟨G, γ ⟩, ⟨G, δ⟩ or A. Clearly, ⟨G, γ ⟩ and ⟨G, δ⟩ are 1-regular, and
G and ⟨G, γ δ⟩ are edge- but not vertex-transitive. 
The following theorem is the main result of this section.
Theorem 3.2. LetX be a connected cyclic regular cover of theMöbius–Kantor graphGP(8, 3)whose fiber-
preserving group is edge-transitive. ThenX is 1- or 2-regular. Furthermore,
(1) X is 1-regular if and only if X is isomorphic to one of CQ(2k − 1, 2n) for 2 ≤ k ≤ n − 1 satisfying
n | (4k2 − 2k+ 1).
(2) X is 2-regular if and only if X is isomorphic to GP(8, 3)(= CQ(1, 2)) or CQ(1, 6).
Proof. LetX = X ×φ Zn be a cover of the graphX = GP(8, 3) satisfying the hypothesis of the theorem,
where n is a positive integer and φ = 0 on the spanning tree T of X containing all spokes and inner
edges except for the edge {3′, 0′}. We assign voltages z1, z2, z3, z4, z5, z6, z7, z8 and z9 to the cotree
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Table 1
Fundamental cycles and their images with corresponding voltages.
C φ(C) Cα φ(Cα) Cβ φ(Cβ )
3′0′5′2′7′4′1′6′ z1 5′2′7′4′1′6′3′0′ z1 3′6′677′2′23 z3 + z7
122′7′4′1′ z2 344′1′6′3′ z4 1077′2′2 z9− z8− z2
233′6′1′4′7′2′ z3 455′0′3′6′1′4′ z5 − z1 00′3′322′7′7 z8− z1− z3
344′1′6′3′ z4 566′3′0′5′ z1 + z6 0′5′2′233′ z1 + z3
455′2′7′4′ z5 677′4′1′6′ z7 5′5677′2′ z6 + z7




677′4′1′6′ z7 011′6′3′0′ z1 − z9 44′7′2′23 z3 + z4
700′5′2′7′ z8 122′7′4′1′ z2 4′1′6′677′ z7
100′5′2′7′4′1′ z9 322′7′4′1′6′3′ −z3 11′6′677′2′2 z7 − z2
Cγ φ(Cγ ) Cδ φ(Cδ)
34567012
8
i=2 zi − z9 76543210 z9 −
8
i=2 zi
1′6′6701 z7 + z8 − z9 1′4′4321 −(z2 + z3 + z4)
6′3′321076 z9 − z2 − z3 − z7 − z8 4′7′701234 z2+z3+z4+z8−z9
3′0′0123 z1 + z2 + z3 − z9 7′2′2107 z9 − z2 − z8
0′5′5670 z6 + z7 + z8 2′5′5432 −z3 − z4 − z5
5′2′210765 z9 − z2 − z6 − z7 − z8 5′0′012345 z2+z3+z4+z5−z9
2′7′7012 z2 + z8 − z9 0′3′3210 z9 − z1 − z2 − z3
7′4′4567 z5 + z6 + z7 3′6′6543 −z4 − z5 − z6




arcs of T as shown in Fig. 2. Since X ×φ Zn is assumed to be connected, ⟨zi | i = 1, 2, . . . , 9⟩ = Zn. By
the hypothesis, the fiber-preserving group, sayL, of the covering graph X ×φ Zn acts edge-transitively
on X ×φ Zn. Hence, the projection ofL, say L, is edge-transitive on the base graph X . By Lemma 3.1,
G = ⟨α, β⟩ ≤ L, that is, α, β ∈ L.
We use v1v2 · · · vs to denote the cycle in X having consecutive adjacent vertices v1, v2, . . . , vs.
There are nine fundamental cycles 3′0′5′2′7′4′1′6′, 122′7′4′1′, 233′6′1′4′7′2′, 344′1′6′3′, 455′2′7′4′,
566′1′4′7′2′5′, 677′4′1′6′, 700′5′2′7′, 100′5′2′7′4′1′ in X , which are generated by the nine cotree arcs
(3′, 0′), (1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 7), (7, 0) and (1, 0), respectively. Each cycle is mapped
to a cycle of the same length under the actions of α, β, γ and δ. We list all these cycles and their
voltages in Table 1, in which C denotes a fundamental cycle of X and φ(C) denotes the voltage on C .
Consider the mapping α : φ(C) → φ(Cα) from the set of voltages on the nine fundamental cycles
of X to the cyclic group Zn, where C ranges over the nine fundamental cycles. Similarly, we can define
β, γ and δ. By Proposition 2.1, α, β, γ and δ lift to the automorphisms of X if and only if α, β, γ
and δ can be extended to automorphisms of Zn. We denote by α∗, β∗, γ ∗ and δ∗ these extended
automorphisms if they exist, respectively. Then, α∗ and β∗ always exist because α, β ∈ L. By Table 1,
zα
∗
2 = z4, zα∗5 = z7, zα∗8 = z2, zβ
∗
8 = z7. It follows that z2, z4, z5, z7 and z8 have the same order and
hence each of them generates the same subgroup, say D, of Zn. Noting that D is characteristic in Zn,
one hasDα
∗ = D andDβ∗ = D. As zβ∗9 = z7−z2 and zα∗9 = −z3, one has z3, z9 ∈ D. Similarly, z1, z6 ∈ D
because zβ
∗
4 = z3 + z1 and zα∗6 = z8 − z1. Thus, zi ∈ D for each 1 ≤ i ≤ 9 and by the connectivity
ofX , Zn = ⟨z1, z2, z3, z4, z5, z6, z7, z8, z9⟩ = D. Furthermore, each of z2, z4, z5, z7 and z8 is a generator
of Zn.
Without lose of any generality, assume z2 = 1 and 1α∗ = k for some k ∈ Z∗n . Then k4 = 1 in Z∗n
because α4 = 1. Since zα∗2 = z4 and zα∗8 = z2, one has z4 = k and z8 = k−1 = k3, where k−1 is the
inverse of k in Z∗n . Since 1β
∗ = zβ∗2 = z9 − (z8 + z2) = z9 − (k3 + 1), one has zβ∗ = [z9 − (k3 + 1)]z
for any z ∈ Zn. Thus, zβ∗8 = z7 implies
z7 = [z9 − (k3 + 1)]z8 = k3z9 − (k3 + k2). (1)
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Since zα
∗
7 = z1 − z9, one has kz7 = z1 − z9, and by Eq. (1),
z1 = 2z9 − (1+ k3). (2)
Since zβ
∗
1 = z3 + z7 and zα∗9 = −z3, one has z3 + z7 = [z9 − (k3 + 1)]z1 and kz9 = −z3, of which the
first, by Eqs. (1) and (2), can be reduced to
2z29 − 4k3z9 + kz9 − 3z9 + 3k3 + 2k2 + 1 = 0. (3)
Similarly with zβ
∗
9 = z7 − z2, z2 = 1 and (1), one has
z29 − 2k3z9 − z9 + k3 + k2 + 1 = 0. (4)
Multiplying (4) by two and subtracting from (3) we obtain
(k− 1)z9 = 1− k3. (5)
Since kz1 = z1 (zα∗1 = z1), Eq. (2) implies
2(k− 1)z9 = k− k3. (6)
By (5) and (6),
k3 + k− 2 = 0. (7)
Recall that k4 = 1. Multiplying (7) by k2, one has k3−2k2+k = 0, and again by (7), k2 = 1 because
(4) implies that n is odd. Furthermore, 2(k − 1) = k3 − 2k2 + k = 0, forcing k = 1. Thus, α∗ is the
identity automorphism of Zn. It follows that z2 = z4 = z8 = 1, and by Table 1, z3 = −z9, z5 = z7
and z6 = z8 − z1 = 1 − z1. Assume z7 = ℓ. Then, β∗ is an automorphism of Zn induced by 1 → ℓ
because 1β
∗ = zβ∗8 = z7. Since 1β∗ = zβ
∗
2 = z9 − (z8 + z2) = z9 − 2, one has z9 = ℓ + 2. By (2),
z1 = 2(ℓ + 1). Furthermore, z3 = −z9 = −(ℓ + 2), z5 = z7 = ℓ and z6 = 1 − z1 = −(2ℓ + 1).
Since zβ
∗
9 = z7 − z2 = ℓ − 1, one has (ℓ + 2)ℓ = ℓ − 1, that is, ℓ2 + ℓ + 1 = 0. By Table 1, it is
straightforward to check that γ can extend to an automorphism of Zn induced by 1 → −1. Thus, the
1-regular subgroupM = ⟨α, β, γ ⟩ of Aut(X) lifts by Proposition 2.1, implying that the covering graphX is arc-transitive.
Let M be the lift ofM . Then, M/Zn ∼= M and the 1-regularity ofM on X implies that M is 1-regular
onX . By Lemma 3.1, M = ⟨α, β⟩ o ⟨γ ⟩ and ⟨α, β⟩ has the unique normal Sylow 2-subgroup ⟨α, σ ⟩
(∼= Q8), where σ = αβ . Then, P = ⟨α, σ ⟩ o ⟨γ ⟩ is a Sylow 2-subgroup of M which is isomorphic to
Q8oZ2. Note that αγ = (0 6′ 4 2′)(1 3′ 5 7′)(2 0′ 6 4′)(3 5′ 7 1′). It is easy to check that αγ commutes
with α, β and γ , implying that αγ is in the center Z(M) of M . Since P ∼= Q8 o Z2, Z(P) has order at
most 4. Thus, Z(M) = Z(P) = ⟨αγ ⟩, implying thatM and P have a unique normal subgroup of order
2. LetP be a Sylow 2-subgroup of M . Since n is odd and M/Zn ∼= M ,P has a unique normal subgroup
of order 2, say ⟨b˜⟩. Furthermore, Z(PZn/Zn) = Z(M/Zn) ∼= Z4.
LetC = CM(Zn), the centralizer of Zn in M . Then Zn ≤ C , and M/C is isomorphic to a subgroup
of Aut(Zn). If |C | is odd, then every Sylow 2-subgroup of M is isomorphic to a Sylow 2-subgroup ofM/C . This forces that Sylow 2-subgroups of M are abelian because M/C ≤ Aut(Zn), contrary to the
fact that P is non-abelian. Thus, 2 | |C |. SinceC E M ,P ∩C is a normal Sylow 2-subgroup ofP , forcingP ∩C ∩ Z(P) ≠ 1. Since ⟨b˜⟩ is the unique normal subgroup of order 2 inP , ⟨b˜⟩ ≤P ∩C ∩ Z(P). Clearly,
⟨Zn,b⟩ = Zn × ⟨b⟩ and (Zn × ⟨b⟩)/Zn is the unique normal subgroup of order 2 inPZn/Zn, which is
also the unique normal subgroup of order 2 in M/Zn because Z(PZn/Zn) = Z(M/Zn). It follows that
Zn × ⟨b⟩ E M .
LetK = Zn × ⟨b˜⟩ and Y be the quotient graph ofX relative toK . Obviously,K has more than two
orbits in V (X). SinceX is a cubic symmetric graph, Proposition 2.2 implies that Y is isomorphic to the
hypercube Q3 (see [5]), the unique connected cubic symmetric graph of order 8, and X is a regularK -cover of Y . The theorem follows from Proposition 2.4. 
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4. Cubic edge-transitive graphs of order 16p
In this section we classify cubic edge-transitive graphs of order 16p for each prime p. Throughout
this section, the notation FnA, FnB, etc. will refer to the corresponding graphs of order n in the Foster
census of all cubic symmetric graphs [4,5]. By [7], there is a cubic semisymmetric graph of order 112,
called Ljubljana graph and denoted by S112, and by [5,42], there are three connected cubic symmetric
graphs F112A, F112B and F112C of order 112, which are 1-, 2- and 3-regular, respectively. Similarly,
F032A, F048A and F080A are connected cubic symmetric graphs, of which the first two are 2-regular
and the last is 3-regular.
Theorem 4.1. Let p be a prime and X a connected cubic edge-transitive graph of order 16p. Then X is
isomorphic either to the semisymmetric Ljubljana graph S112, to the 1-regular graph CQ2p for some prime
p such that p− 1 is divisible by 3, or to one of the 2-regular graphs F032 A, F048 A or F112 B, or to one of
the 3-regular graphs F080 A or F112 C.
Proof. If p < 7, then X has order 32, 48 or 80, and by Conder and Dobcsányi [5], Conder et al. [6],
Royle et al. [42], X is isomorphic either to the 3-regular graph F080A, or to the 2-regular graphs F032A
or F048A. If p = 7, then X has order 112, and by Conder and Dobcsányi [5], Conder et al. [6], Royle
et al. [42], X is isomorphic either to the semisymmetric Ljubljana graph S112, to the 1-regular graph
F112A (∼= CQ14), to the 2-regular graph F112B, or to the 3-regular graph F112C.
In what follows, assume that p > 7. Let A = Aut(X). If X is also vertex-transitive, then by
Tutte [43,44], the stabilizer Av of v ∈ V (X) has order dividing 48. If X is not vertex-transitive, then by
Malnič et al. [35, Proposition 2.4], the stabilizerAv of v ∈ V (X) has order dividing 2r ·3 for some integer
r . Without loss of the generality, assume |Av| = 2ℓ ·3 for some integer ℓ. Then, |A| | 24+ℓ ·3p. Suppose
that A is non-solvable. Then A has a non-abelian simple composite factor T1/T2 whose order divides
24+ℓ · 3p. By Gorenstein [21, pp.12–14], the composite factor T1/T2 is isomorphic to A5 or PSL(2, 7),
forcing p ≤ 7, a contradiction. Thus, A is solvable. Let P be a Sylow p-subgroup of A. To complete the
proof, it suffices to show that P E A, because then X is a regular Zp-cover of the Möbius–Kantor graph
GP(8, 3) by Propositions 2.2 and 2.3, and so X ∼= CQ2p by Theorem 3.2, where p is a prime such that
p− 1 is divisible by 3.
Take aminimal normal subgroupN of A. ThenN ∼= Zp orN is a 2-group. For the former, P = N E A,
as required. For the latter, one may take a maximal normal 2-subgroup, sayM , in A. Clearly,M has at
least p orbits in V (X). By Propositions 2.2 and 2.3, M is semiregular, and the quotient graph XM of X
relative toM is a cubic graph with A/M as an edge-transitive group of automorphisms. It follows that
|M| | 8. Let T/M be a minimal normal subgroup of A/M . Then T/M ∼= Zp or Z3. Suppose T/M ∼= Z3.
Since p > 7, T has more than 2 orbits. It follows from Propositions 2.2 and 2.3 that T is semiregular on
V (X) and hence |T | = 3|M| | 16p, a contradiction. Thus, T/M ∼= Zp and hence T = PM . Since p > 7
and |M| | 8, P is normal in T andhence characteristic in T . Since T ▹ A, P is normal inA, as required. 
Remark. Clearly, a connected cubic edge-transitive graph must be symmetric or semisymmetric.
After this work was finished, it came to our notice that connected cubic symmetric graphs of order
16p, p a prime, have been classified by Oh [40] using a method based on certain invariant subspaces
introduced in [32].With our approach, however,wewere able to reduce the classification of connected
cubic symmetric graphs of order 16p to cyclic regular covers of the hypercube which was considered
in [17].
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